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ABSTRACT 
 

A model nanofluid system of copper nanoparticles in argon base fluid was successfully 
modeled by molecular dynamics simulation. The effective thermal conductivity of the nanofluids 
was calculated through Green Kubo method in equilibrium molecular dynamics simulation for 
varying nanoparticle concentrations and for varying system temperatures. Thermal conductivity 
of the basefluid was also calculated for comparison. This study showed that effective thermal 
conductivity of nanofluids is higher than that of the base fluid and found to increase with 
increased nanoparticle concentration and system temperature. Through molecular dynamics 
calculation of mean square displacements for basefluid, nanofluid and its components, we 
suggested that the increased movement of liquid atoms in the presence of nanoparticle was one 
of the probable mechanisms for higher thermal conductivity of nanofluids. 
 

INTRODUCTION 
 

Nanofluids have been shown to have effective thermal conductivities (TC) much higher 
than that of the basefluids [1-3] with the addition of small volume of nanoparticles or nanotubes. 
However, the temperature dependence of thermal conductivities has been much less studied so 
far. Few available studies have shown strong temperature dependent behavior of thermal 
conductivity of nanofluids [4]. Conventional theories like Hamilton Crosser (HC) theory [5] 
based on continuum models not only under predicts the relative increase in TC, but also unable 
to predict the temperature and nanoparticle size dependency of the TC of nanofluid suspensions. 
This model indicates that TC of nanofluid is merely a function of only its component elementís 
conductivity and their concentration in nanofluids and did not consider the movements of solid 
and liquid atoms and their possible collisions which can transport heat in nanofluids and may 
leads to increased TC. Several mechanisms and analytical models have been proposed there after 
in the literature for explaining the enhanced conductivities of the nanofluids [6-8]. The earliest 
large scale microscopic simulation is performed [9] using Brownian dynamics. A better 
alternative is to employ interatomic potentials and perform true molecular dynamics (MD) 
simulations. As MD simulations accurately calculates the movements of the particle in the 
molecular level, the same simulation with statistical mechanics can predict most accurate 
transport phenomena in nanoscale compared to any model based on continuum mechanics. In 
MD simulations the TC can be computed either using non equilibrium MD (NEMD) or 
equilibrium MD (EMD or Green-Kubo method). The Green-Kubo approach is an EMD method 
that uses heat current fluctuations to compute the TC via the fluctuation-dissipation theorem. 
 In this study, a model nanofluid system of copper and argon was modeled through MD 
simulation using the Green-Kubo formalism. The TC of the base fluid and the effective TC of  
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the nanofluid was calculated for different concentrations of nanoparticle loading and for different 
temperatures. Through MD calculation of mean square displacements (MSD) for basefluid, 
nanofluid and its components, this study tried to find the mechanism for higher TC of nanofluids 
and their temperature dependency.  

 

THEORY AND SIMULATION DETAILS 
 

An EMD simulation relates the equilibrium heat current autocorrelation function to the TC 
via the Green-Kubo theory. The heat current vector is [10] 
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where vi is the velocity of particle i, φ(rij) the pair potential between particles i and j, ri the position 
vector of the particle i, and h is the enthalpy per particle. Taking the time derivative of Eq. (1) 
gives the following result for the heat flux: 
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where Fij is the force on atom i due to its neighbor j from the pair potential and the energy Ei. For a 
single component system the last term of Eq. (2) is zero. For the two-component system in our 
simulation we used Eq. (3), an extended form of Eq. (2) to calculate the heat current vector JQ [11]. 
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The subscripts α, β denotes two different kinds of particles and j, k count the number of particles. 
Nα and Nβ are the number of particles of kind α and β. Thus the heat current JQ in Eq. (3) is 
composed of a kinetic part, a potential part and a term containing the partial enthalpies. vjα denotes 
the velocity of a particle j of kind α, hα denotes the average enthalpy per particle of species α and I 
is the unit tensor. We calculated the average enthalpy as the sum of the average kinetic energy, 
potential energy and average virial terms per particle of each species. Though Eq. (3) is used 
ideally for a homogeneous system where density gradients are negligible, but we used this in our 
simulation as a similar work [12] shows good agreement between the heat flux determined from 
NEMD and EMD within a reasonable 5% variation. 
       Since the simulations were performed for discrete MD steps of length t∆ , including the 
time averaging, the expression for calculating TC [13] is:  
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where   λ = thermal conductivity, V = system volume, T = system temperature, kB = Boltzmann 
constant, tM is given by M∆t and J(m+n) is the heat current at MD time step (m+n). The average 
over time of heat current is known as heat current auto correlation function (HCACF).  

In our simulation, all the interatomic interactions were modeled by pairwise Lennard Jones 
(LJ) potential [14] with appropriate parameters. Though most accurate potential for modeling 
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copper is embedded atom method (EAM) potential but in our present study LJ potential was used 
to reduce the computational time. To predict the qualitative trends of TC enhancement and study 
the mechanism of higher thermal transport, considering argon as the basefluid and modeling the 
interactions between copper atoms [15] with LJ potential is a sensible choice. In our model a single 
nanoparticle was considered in basefluid atoms. To start with, all the argon atoms in the nanofluid 
system were arranged in a regular FCC lattice. The solid nanoparticle was formed by carving 
spheres out of a FCC lattice of atoms.  Periodic boundary condition was applied in all directions of 
three dimensional cubic simulation cell. A total of 2048 atoms were considered in the system. This 
leads to nanoparticle size of nearly 2 nm diameter. Berthlot mixing rule [14] was used for 
calculating cross interactions. Temperature was kept constant throughout for each simulation in 
NVT ensemble using the NoseñHoover thermostat [16]. Then MD simulation was started using 
velocity verlet integration scheme [14] and continued for 1000,000 time steps. Each small time 
step was 4 fs. The heat current JQ was calculated at each time step according to Equation (3) and 
TC was calculated according to Eq. (4). HCACF was time averaged over 10,000 time steps.  

 

RESULTS AND DISCUSSIONS  
 
 To validate the model with some widely known results, we calculated the thermal 
conductivity of liquid argon at its state point T* = 0.71 and ρ* = 0.844 where T* and ρ* are 
reduced units of temperature and density. Our result was within 4% of the experimental value. 
We found a total of 2048 atoms in the simulation cell were sufficient to represent bulk nanofluid 
and hence in all simulations in this study a total of 2048 atoms were used. 

Nanoparticle loading and temperature effects on thermal conductivity 
 
 Thermal conductivity of nanofluids was calculated through MD simulations for six 
different copper nanoparticle loadings: 0.2%, 0.4%, 1%, 2%, 4% and 8% (by volume) at four 
different temperatures: T* = 0.71(85K), 0.76(91K), 0.81(97K) and 0.86(103K). The calculated 
TC enhancement ratios as well as the prediction from HC model were plotted in Figure 1(a) for  
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Figure 1. TC enhancement of copper-argon nanofluids with (a) different nanoparticle 
concentrations and comparison with HC model at 85K and (b) different temperatures at various 

nanoparticle concentrations. 
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different volume percent of nanoparticle loadings at 85K. The calculated TC enhancement 
increased with increasing nanoparticle loading. But the enhancement was not linear. For 
nanoparticle loading up to 0.4%, the TC enhancement was much steeper compared to higher 
nanoparticle loadings. The TC enhancement was observed as much as 27% from MD calculation 
for 1% of nanoparticle loading at 85K while HC theory predicts only 2.8% increase. For 4% 
nanofluids our MD simulation predicts 60% enhancement while HC theory predicts 12% 
enhancement in TC. Hence from our MD simulation we observed TC enhancement about 5-10 
times greater than predicted by the HC model depending on the nanoparticle loading, findings 
which are qualitatively consistent with the experimental data on metallic particles in more 
complex base fluids e.g. copper-ethylene glycol system up to 1% of nanoparticle loading [2]. 
Figure 1(b) showed the enhancement of TC as a function of temperature for three copper 
nanoparticle concentrations, 0.2%, 1.0% and 2.0%. A non linear increase of the TC for 
increasing temperature was seen. The TC enhancement was similar to the observations for metal 
oxide nanofluids [4] except that the observed almost linear enhancement. For 0.2% nanofluid, 
the enhancement went from 11% to 31% with temperature rising from 85K to 103K whereas for 
2.0% nanofluid, it was from 37% to 68% for same increase of temperature. The temperature 
effect on the TC enhancement was more dominant at higher temperature. On the other hand HC 
model hardly predicts any changes of the effective TC of nanofluids with temperature. 
 We also plotted the HCACF for different nanofluids and basefluid in Figure 2. HCACF 
stayed correlated more strongly and for a longer time (not shown in figure) for nanofluids with 
higher nanoparticle loading. A closer look further revealed that in the basefluid, HCACF 
decayed to zero monotonically whereas for nanofluids it decayed to zero in an oscillatory manner 
as shown in Figure 2(a) (HCACFs are shown only up to 0.5 picoseconds). In materials where the 
fluctuations are long lived the HCACF decays slowly. The TC is related to the integral of the 
HCACF, and hence the TC of nanofluid was higher than basefluid and found to increase for 
higher nanoparticle loading. Figure 2(b) showed the HCACF variation for 8% nanofluid up to 2 
picoseconds at two different temperatures, 85K and 103K. These two HCACFs behaved almost 
similarly though the oscillating HCACFs, characteristic of nanofluids was observed. 
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Figure 2. HCACF decay with Correlation Time for (a) various concentrations of nanoparticle 
loading at 85K, (b) 8 % nanofluid at different temperatures. 



Mechanism of thermal conductivity enhancement 
 
 Different proposed mechanisms exist in the literature for explaining the enhanced TC of 
nanofluids like (i) ballistic phonon transport through solid nanoparticles [17], (ii) ordered 
layering of liquid around the solid [17], (iii) Brownian motion of nanoparticle [9, 10], (iv) 
localized convection in fluid due to Brownian motion of nanoparticles [6, 7] and (v) aggregation 
of highly conductive nanoparticles in nanofluids [18]. In this study we calculated the MSD of 
solid and liquid atoms in nanofluid and liquid atoms in basefluid to investigate the mechanism of 
enhanced TC. The MSD is a measure of the average distance an atom travels.  It is defined as  

  ( ) ( )( )22 )0()( iii rtrtrtMSD −=∆=                             (5)  

where ri(t)-ri(0) is the (vector) distance traveled by atom i over some time interval of length t, 
and the squared magnitude of this vector is averaged over many such time intervals and over all 
the atoms of our interest to get the average MSD. The average MSD of basefluid and average 
MSD of both solid and liquid atoms in 2% nanofluid were shown in Figure 3(a). Average MSD 
of 2% nanofluid was also plotted for comparison. The time allowed for calculating MSD was 50 
picoseconds. MSD of the nanofluid was found to be 1.5 times than the basefluid. The MSD of 
the liquid alone in the nanofluid was 1.16 times than the nanofluid and 30 times higher than the 
nanoparticle in the nanofluid. Hence in nanofluids the average liquid atom movements itself 
were almost double compared to the basefluid. The movements of solid copper atoms i.e. 
Brownian motion of nanoparticle is far slow to transport the heat [17]. In comparison the 
enhanced movement of much faster liquid atoms in nanofluids might be responsible for 
enhanced thermal transport in nanofluids. The similar type of mechanism was proposed in [6, 7] 
and described as ëlocalized convective field in fluidsí. Further study is underway to compute the 
MSD of liquid atoms at different distances from the nanoparticle to better understand the effect 
of Brownian motion of solid nanoparticle on the surrounding liquid atom movement. The MSD 
of 2% nanofluid was plotted in Figure 3(b) for different temperatures. The steady increase of 
MSD of 2% nanofluid for higher temperature indicates even more increased movements of the  
liquid atoms leading to further increase of TC of nanofluid at elevated temperatures. 
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Figure 3. Variation of Mean square displacement with time (a) for basefluid, liquid in 2% 
nanofluid, solid in 2% nanofluid and average MSD of 2% nanofluid at 85K and (b) for 2% 

nanofluid at various temperatures. 



CONCLUSIONS 
 

In this MD study, the calculated TC enhancement of nanofluids increased non-linearly 
with increasing nanoparticle loading. For very low loading the enhancement was much steeper 
compared to higher loading. The TC enhancement was significantly higher than predicted by the 
macroscopic HC model. TC of nanofluids also increased with increasing temperature and the rate 
of this increase was more for higher system temperature. HC model hardly predicted any 
changes in the effective TC of nanofluids with temperature. With increased nanoparticle loading 
in nanofluids, the oscillation of HCACF was found to increase and fluctuations are long lived. 
Through the MSD calculations we found significant enhancement in the movement of liquid 
atoms in nanofluids and might be responsible for enhanced TC. These movements of liquid 
atoms in nanofluids further increased at elevated temperatures resulting even higher TC. 
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